Abstract: This work explores quick predictive methods for calculating potentially risky stresses in cemented doublets underdoing temperature change that agree well with finite element analysis. We also provide guidelines for avoiding stress concentrations.
Introduction
Cemented doublets are ubiquitous in the optics world, but it is not always clear if they will perform as intended in a specific thermal environment due to excessive stress. The stress in the optic can cause debonding or even fracture. Yoder addressed this problem using analytical results from Chen and Nelson (1979) but also expressed some skepticism as to the accuracy and usefulness of those results [1] [2] [3] . Closed-form analytical solutions are extremely useful when doing trade-off studies to see if a particular geometry or glass choice will cause stress problems.
The problem of bonded materials undergoing temperature change is of great interest in the electronics industry, and improved analytical solutions [4] are now available that address the issues raised by Yoder [2] , and they have been validated using finite element analysis (FEA). But the newer solutions still have limitations. The analytical solutions presented here cannot predict stresses due to stress concentrations or singularities at the edge of the bondline-this still has to be done using FEA-although some advanced methods are available. Also, the existing analytical methods assume a flat interface between adjoining elements; they do not account for the effect of curvature.
We find that most doublet failures start at the edges and involve debonding of the glass. Glass fracture is rare for doublets, accounting for less than 10% of the failures. This paper provides the reader with a general introduction to a large and dense body of literature in order to demystify the subject of temperature-induced glass bonding failures.
This work has several aspects. (1) The newer analytical solutions from Tsai [4] are presented. (2) A parametric FEA study was conducted to address the problem of curvature. (3) Some guidance in identifying acceptable stress levels for a particular glass are provided. (4) The stress state depends on three elastic moduli, Poisson's ratios, and thicknesses; it also depends on the change in temperature and thermal coefficient of expansion (CTE), 11 variables in all. A sensitivity study to identify the most critical variables is included. (5) From the sensitivity study we can derive a simplified expression to give quick guidance in the early stages of the design using only the most important variables. (6) Some practical guidelines that can be used in minimizing stress concentrations on the edge of the bondline are given.
A Very Brief Summary of Thermal Stress Investigations of Bonded Materials

Analytical Studies
Interest in the problem of laminated materials undergoing temperature change began with Timoshenko in 1925 [5] . It is worth noting that the original paper was written in an optics journal. Chen and Nelson (1979) explained predictive methods for a variety of electronics-related packaging problems including bonded circular sheets [3] . Tsai (2004) published a useful addition [4] to this body of knowledge by accounting for spherical bending in some of the expressions originally formulated by Mishkevich, Suhir, and others [6] . Suhir also published a review of predictive methods that explains the evolution of thinking on this subject over the last 80 years [7] . The Tsai solution is presented in the next section.
FEA Studies
Several FEA studies on this subject have been published. Lau (1989) made an important observation [8] that averaging stresses across bodies with different material properties can lead to false results. The FEA software ANSYS Workbench has a default setting "Average across bodies" set to "no", but other FEA programs may not have this default. This is not to be confused with the ANSYS setting "Display option" that defaults to "averaged." This setting means that the results for several elements sharing the same node are averaged (except perhaps if the neighbor elements have different material properties). Glaser (1990) compared FEA-derived results with the analytical results of Chen and Nelson as well as Suhir and others [9] . Glaser concluded that the Suhir equations gave reasonable first-order results. Both Glaser and Lau noted that the stress state of the free edge is complicated and requires special consideration. As mentioned, Tsai (2004) improved on Suhir's results and also provided FEA verification. Glaser and Tsai both examine the numerical aspects of modeling details in the adhesive layer.
All of the simulations presented here use the axisymmetric 2-D simplification. In this reference frame, x is the radial direction, y is axial, and z is tangential. The variable x is zero on axis. Note that the adhesive shear stress (τxy) mentioned in many of these papers is in the x-y plane and is not the same as the "maximum shear stress" (i.e., τmax) available in many FEA programs. Remember that τmax = (σ1 -σ3)/2 where σ1 and σ3 are the maximum and minimum principal stresses, respectively. What is confusing is that the shear in the adhesive τxy is generally assumed (in the analytical studies) to be zero in the center, but τmax is never zero in the center because of the large tensile principal stress that can exist there.
There are advanced FEA analysis methods that have been successfully used in modelling adhesive failure such as cohesive zone models. This type of analysis was beyond the scope of this study, but will be of interest to engineers who model adhesive failure.
Additional Notes on Relevant Thermal Stress Literature
It is important to understand the differences between the optical doublet problem and the electronics problems investigated when examining prior FEA studies. The adhesive bond we use in lenses must work optically as well as structurally. The adhesive thickness used with lenses generally ranges from 5 to 15 μm, whereas bond thickness in other industries ranges from 25 to 125 μm and is sometimes even thicker. The formulas given here work well for the very thin bond thicknesses used in optics. However, the shear stress prediction from the Chen solution used by Yoder deviates significantly from FEA solutions as the bondline becomes very thin.
Another difference between the electronics and optical applications is the aspect ratio. The aspect ratio of lenses (diameter/center thickness) ranges from 6 to 12. Lens aspect ratios greater than 12 are discouraged, although they do occur occasionally. In the FEA studies referenced here (i.e., Glaser, Lau, Tsai), the aspect ratio for the electronic components analyzed is usually greater than 20. We find that the FEA convergence to the analytical formulas given here deteriorates somewhat for aspect ratios less than 6. Nevertheless, the shear stress in the adhesive and the longitudinal stress near the center of the lens can be predicted by these formulas for aspect ratios as low as 4. The fall-off in accuracy occurs in the peeling stresses in the adhesive and longitudinal stress away from the center of the lens for aspect ratios lower than 6. The FEA comparison discussed here deviates more from the Tsai analytical solution than the comparison published by Tsai [4] ; the difference is probably due to the lower aspect ratio used here.
Updated Analytical Thermal Stress Model
The formulas below calculate , , and , where these are the adhesive shear, adhesive peeling, and longitudinal glass stress, respectively, given input data as shown in Table 1 , and using the Tsai equations [4] . The subscript i refers to the i th material; E, υ, α, and t refer to the elastic modulus, Poisson's ratio, CTE, and material thickness, respectively. The variables x and L refer to the radial distance from the center and half of the lens edge diameter, respectively. It may be more appropriate to use the diameter of the adhesive joint, which is often the lens clear aperture (CA).
By convention, tensile stress is always positive in ANSYS and in the analysis below. The term peeling stress is well known in the adhesives community, it is the stress in a direction normal to the plane of the adhesive interface. In the case of a curved interface, as we would have in a cemented doublet, it would be stress that is locally normal to the interface surface.
Stress in the radial direction is called longitudinal stress by Suhir. The lens will always have a local maxima or minima in this stress on axis that is equal to a principal stress.
The x-y shear stress ( ) in the adhesive is supported by Eqs. (4-11):
The peeling stress( ) in the adhesive also requires Eqs. (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) :
Longitudinal stress in the glass ( ) is supported by Eqs. Note that ∆α (CTE difference) and ∆T (temperature difference) are defined as
The following intermediate variables support Eqs. (1-3):
= + + (10)
Note that the flexural rigidity given in Eq. (9) is modified from the original Timoshenko formulation [10] . This modification is related to the fact we have spherical rather than pure bending and is one of the improvements that Tsai et al. made to the Suhir body of knowledge on this subject.
The following expressions support Eq. (2):
Example Problem with Finite Element Comparisons
When calculated, the geometry of Figure 1 and the material parameters given in Table 1 The results of the formulas do not converge as well to the FEA results compared to what we have seen reported in the literature due to the relatively small aspect ratios (diameter/center thickness) that are common in optics. The equations shown here could be fine-tuned by an industry expert such as Dr. Suhir to be more accurate for lenses. One of the lenses in this study is relatively thick and has an aspect ratio of 6.25. Agreement with the FEA results improves for larger aspect ratios. Abrasion is also known as lapping hardness and grindability Figure 2 shows that the shear stress in the adhesive is far less sensitive to the bond thickness than we had imagined based on the Chen and Nelson equations. This is an important result because optomechanical engineers would tend to increase the bond thickness as a way of reducing stress unnecessarily. Suhir also commented on this [7] with respect to electronics packaging. The peeling and longitudinal stresses in Figures 3 and 4 show some deviation from the FEA results. The consistency between FEA and theory improves as the aspect ratio (diameter/center thickness) increases. The peeling stress in this case is negative (compressive), but would change to tensile if the sign of the temperature difference changes. The longitudinal stress in Figure 4 is always very close to the theoretical results at the center, which is also an extrema. But sometimes you can get a secondary extrema as shown in the stress result in material 1 near x/L = 0.8. We find that the length scale of this singularity is less than half of the bond thickness, a difficult concept to understand as it contradicts intuition. It is tempting to ignore these singularities, but they occur at a probable damage initiation site. Because infinite stresses are not physically possible, the existence of these singularities indicates that our idealization of the problem is inadequate. In real-world applications, material nonlinearities such as plasticity occur and there are no geometrically perfect corners. Methods for dealing with these singularities are presented in Section 8.
Effect of Surface Curvature
Of particular interest to optomechanical engineers is how stress states vary with respect to the curvature of the cemented interface. Opticians generally advise against having too much curvature (i.e., R-number <1) in the interface between lenses in a doublet. We have assumed that this cautionary approach had something to do with avoiding higher stresses. The Rnumber is a metric of surface curvature for a lens; it is the surface radius divided by the edge diameter. The R-number can vary from 0.5 (a hemisphere) to infinity (a flat surface). Table 2 shows the results of an axisymmetric parametric FEA study for a doublet lens with the materials given in Table 1 and assumes a bond thickness of 0.01 mm (typical for doublets). The thicknesses t1 and t3 in this case were 23 mm and 16 mm, respectively. The lens geometry was plano-convex and plano-concave for materials 1 and 3 ( Table 1 ). The adhesive edge details are consistent with Figure 9 (see discussion in Section 8.1). The study shows the effect of Rnumbers between 8 (relatively flat) and .75 (nearly hemispherical). The R-number was changed while holding other variables constant. Stress mostly decreases for the doublet as the interface surface curvature increases, but there are some exceptions. Glass principal stress at the edge and near the bondline becomes quite a bit higher even while the center principal stress (near the bondline) decreases as R-number decreases. Bear in mind that glass fracture is not the primary failure mode in doublets.
The adhesive peel stress doubles in magnitude while going from tension to compression. Note that if the sign of the temperature difference were reversed, the peel stress would go from compression to tension. Meanwhile the adhesive shear stress dramatically decreases in magnitude. It would be very interesting to study the morphological differences between doublet failures with low and high R-numbers because the failure etiology would probably shift from adhesive shear stress failure to glass edge stress or adhesive peeling stress failure.
There are also reasons not to use low R-number interfaces on doublets that have nothing to do with stress. Nearly hemispherical concave surfaces are difficult to measure and match to a convex surface, and steeply curved interfaces are hard to keep aligned, each leading to substantial variance in cement thickness.
Acceptable Stress Levels for Doublets
The three types of relevant strength metrics are the cohesive strength of the glue, the strength of the glass, and the adhesive bond strength. The cohesive strength of the glue is an intrinsic material property of the glue. The strength of the glass is related to its fracture toughness. The bond strength is a joint property of the adhesive and the substrate; it can be affected by substrate surface roughness, cleanliness, the loading configuration (peel, shear), and many other factors.
Cohesive Strength of Optical Cements
Yoder [2] estimates the strength of optical cements to be between 13.8 and 17.2 MPa (2000 to 2500 psi). Norland NOA 61 (UV curing) lists a tensile strength of 20.6 MPa (3000 psi). Summer Optical lists a shear strength of 35.9 MPa and 17.2 MPa (5200 psi, 2500 psi) for UV 69 and J-91, respectively. Yoder states that the cohesive strength of optical cements is often greater than that of glass; nevertheless, we find that most doublet failures are due to disbonding rather than glass fracture.
Strength of Optical Glass
Although glass fracture is not the primary failure mode for doublets, it should be avoided. In the absence of information, optomechanical engineers will often accept that 6.9 MPa (1000 psi) is a safe level of stress for glass [2] . But optical glass formulations can be quite complex, and in some cases do not have what we normally think of glass (silicon dioxide) in them. The primary constituent may be any number of other oxides or even fluorides.
How then do we decide on a design strength for optical glass? Because glass is a brittle material, we must use the techniques of fracture mechanics to guide us. This involves using the fracture toughness and the expected flaw size to find the stress at which a flaw will grow. But we generally do not know the fracture toughness of optical glass (it is not routinely measured), and we may not know the expected flaw size.
Fortunately, Lambropolous (1997) found a correlation between the lapping hardness and several other variables; this relationship can be used to extract the fracture toughness given that the properties of BK7 are known [11] ;
where H is Knoop hardness, K is the fracture toughness, and E is the elastic modulus. The lapping hardness is listed by Schott and Ohara as Aa and by Hoya as FA. This method of extracting the glass strength was reported by Doyle (2003) although Doyle's paper [12] had an error in that equation, which was corrected in a later publication [13] and is used here as Eq. (22 , and E = 81 GPa [11] . Knoop hardness is typically reported in units of 10 7 Pa in glass catalogs but units are not given; BK7 hardness is simply listed in the catalog as 510.
But the glass industry has changed since 1997-BK7, the glass once considered a standard, is no longer used, and the glass industry has been replacing glass types with toxic constituents like arsenic trioxide. Hoya, Ohara, and Schott reference a Japanese standard called JOGIS (Japanese Optical Glass Industrial Standard) that still uses BK7 as a comparison glass (for grindability), although the stockpile of BK7 is low and they intend to switch to Hoya glass BSC7 as a comparison. Fortunately BK7 and BSC7 have identical mechanical properties.
The changes in the glass industry seem confusing; however, Eq. (22) is still valid using the JOGIS standard with BK7 or BSC7 properties as a reference. The quantity that Lambropolous calls lapping hardness is called grindability or abrasion in the glass catalogs. The Schott catalog also has a grindability class (HG) that references the ISO 12844 standard, but HG is not relevant to this discussion.
In order to extract the design strength of the particular glass in question we can use Griffith's law,
where a is the critical crack size for the critical stress σ. But how do we estimate a? We know the relevant crack size is often taken to be the depth of subsurface damage, but must ask what is a reasonable estimate for typical subsurface damage in a lens? Subsurface damage depends on the grinding and polishing methods. For CNC-based deterministic microgrinding we find that subsurface damage is typically 10 μm for the final grind and 5 μm for polished surfaces. For the more traditional loose abrasive grinding, the subsurface damage values are typically 20 μm for the final grind and 10 μm for polished surfaces. These numbers are based on conversations with opticians at Optimax.
We have found that the fracture strength of optical glass is often much greater than the default value of 6.9 MPa using Eqs. (22, 23) and typical values for the critical crack size. The strength of the bond may be less than the strength of the glass and of the adhesive; there is not much data available for UV curing optical cements. Norland products tested NOA 61 in accordance with ASTM D1002-72 (Lap Shear Strength of Adhesively Bonded Metal Specimens). The substrates in this case were glass and aluminum; the bond thickness was between 10 and 25 μm. In all cases, the glass failed before the adhesive bond failed at less than 4.4 MPa (640 psi). The test did not determine the lap-shear strength of NOA 61; we can only say that the bond strength is greater than 4.4 MPa [14] for a glass substrate assuming a 10 to 25 μm bond thickness.
Cyclic stress
Complicating the situation are cyclic stress considerations (particularly low-cycle fatigue) and nonlinear material behavior such as plasticity, viscoelasticity, and creep. We know that there are stress singularities at the bond edges. It is generally assumed that the presence of a singularity would result in fewer cycles to failure for a given load, and that the region in the adhesive near the singularity is in a plastic state that grows with each additional cycle.
McAdams [15] did a series of fatigue tests using cylindrical adherends with butt joints in cyclic tension. Three different epoxy formulations were used. The results indicate that the strength for all the samples was:
 1,000 cycles 78% to 82% of the initial static strength  10,000 cycles 65% to 67% of the initial static strength
The high-cycle region usually begins after 1,000 cycles, and is characterized by a power-law reduction per cycle in strength. The fatigue exponent for many materials is about -0.1. The low-cycle region (less than 1,000 cycles) is characterized by a reduction in strength per cycle that is much slower than the high-cycle region.
Sensitivity Study and a Simplified Rule-of-Thumb Expression
One gauge of parameter importance is called the logarithmic sensitivity. The logarithmic sensitivity of a parameter x with respect to a function f is defined as
This measure of significance has advantages and disadvantages. The sensitivity number is inherently dimensionless and easy to understand. A logarithmic sensitivity of 1 indicates a linear, 2 a quadratic, -1 an inverse, 0.5 a square root relationship, and so on. It is a local measure, so it is valid in the vicinity of the independent variable values. Two disadvantages of this measure are that it may not be meaningful if the function or variable value is close to zero and it does not capture variable interactions.
To better understand the effect of the variables, the sensitivities were taken with respect to the average and differential properties (using the subscripts avg and ∆, respectively) as
and
where V is a relevant variable for materials 1 and 3 ( Table 1 ). The sensitivity study is summarized in Table 3 .
In this case the glass parameter values were chosen to be typical values. For example, the elastic modulus of glass as shown in the Schott catalog is 87 GPa on average. The difference in CTE was chosen to be equal to two standard deviations (SD); see Table 4 . The adhesive shear stress shown in Table 3 is near the edge where it is greatest. The glass tensile longitudinal stress shown is in the center near the bondline where it is greatest. These values do not take stress concentrations into account (see Section 8) . In the absence of more data, 6.9 MPa (1000 psi) is often chosen as a safe stress limit for glass [2] . The temperature difference was chosen so that the glass stress was close to this limit. Given that stress is linear or nearly linear with respect to ∆α, ∆T, and Eavg, the product of ∆α • ∆T • Eavg should be roughly proportional to the important stress measures, and this might provide us with a very handy shortcut for calculating stress. In addition the effect of the other variables are relatively weak. The only strong contributor is the average Poisson's ratio of glass, but this variable has a small variance.
Let us suppose that at the edge
and that near the bondline at the center
where Cτ and Cσ are dimensionless constants. A Monte Carlo analysis (5000 trials) was performed to see if Eqs. (27) and (28) are useful. The change in mean Cτ and Cσ from 500 to 5000 trials was roughly 1%. The variables E1, E3, υ1, υ3 were assumed to be independent and normally distributed with mean and standard deviations (SD) as described in Table 4 . The edge diameter (D) was assumed to be uniformly distributed. The variables t1 and t3 are assumed to be equal to D/AR1 and D/AR3, respectively, where AR1 and AR3 (aspect ratios) are independent and assumed to be uniformly distributed between 6 and 12 (reasonable values). The bond thickness t2 was assumed to be uniformly distributed between 4 and 12 μm. Then Cτ and Cσ are calculated as τ/(∆α • ∆T • Eavg) and σ/(∆α •∆T • Eavg), respectively.
The results of the Monte Carlo analyses are shown in Figure 5 . Optical engineers are often reluctant to use doublets with larger lenses (greater than 100 mm) and Table 5 examines the Cτ and Cσ constants for different size ranges. We would Glass Longitudinal Stress Constant recommend using the conservative value (mean + 3 SD). The sensitivity study (Table 3) did not show any significant diameter sensitivity, but that is a local measure. Table 5 shows that there is a subtle (~5%) effect between very small lenses and very large lenses. Conservative general purpose values for Cτ and Cσ are 0.36 and 0.96, respectively (derived by considering lenses from 50 to 300 mm in diameter). Consider our example with the glass types SFPL51 and SNBH5 (Table 1) . For these materials, the difference in CTE is 6.5 ppm/°C, more than 4 standard deviations apart (a better glass alternative probably exists). Immediately we note that this is a fairly extreme ∆α, so that even though the required change in temperature is only 16°C, we should be mildly concerned. Note that the CTE of two randomly chosen glass types from the Schott catalog will have an approximately 50% probability of being within 1.6 ppm/°C from each other. Using Eqs. (27) and (28) quick estimates of adhesive shear and glass stress are 3.0 and 8.2 MPa, respectively. The shear estimate is actually fairly accurate compared to the FEA estimate; while the glass stress estimate is a bit high, the estimate should be conservative (see Figure 2 and 4).
Edge Effects and Stress Singularities
Background Information Regarding Stress Singularities
It has been shown [17] [18] [19] that stress at the adhesive edge will have a singularity that in its simplest expression assumes the form
where σ is the stress measure near the singularity, Ka is the generalized stress intensity factor (GSIF), d is the distance from the singular point, and δ is the singularity order. If the singularity is a crack, δ = -1/2; for adhesive interface geometries the singularity order would be between -0.5 and 0. It is assumed that the bond will fail near the singularity when Ka is greater than a critical value. However researchers have also noticed that when the singularity order (δ) is weak (i.e., close to zero), failure does not initiate at the singularity [20, 21] .
Eq. (29) is strongly related to concepts commonly used in fracture mechanics even though there is no assumption of a preexisting flaw. Adhesive edge stress singularities are a big problem in many diverse industries including electronics, aerospace, and dentistry. More involved versions of Eq. (29) define the full 2-D stress field (peeling and shear) for a given load, material parameters, and geometry. The resulting expressions can be quite involved; there may be multiple singularities and multiple types of singularities in a very small region.
Finite element simulation can be used to find the GSIF and singularity order for a given geometry and load configuration. But for a very weak singularity order, the length scale of the singularity may be so small that it would not be resolvable with FEA; it would show up as a single node with high stress. One researcher estimated [21] a relevant length scale for a weak singularity (exponent was -0.079) to be less than 80 nm.
Reedy [22] experimentally determined the GSIF of a butt joint in tension using the expression
where h is half the bond thickness, is average stress and c is a constant. Notice that the GSIF is proportional to the mean stress; this turns out to be very important. For Reedy's tensile test experiments the mean stress was simply the tensile force divided by the area. For our case, the mean stress near the singularity is more complicated. The mean stress could be estimated using nearby element stresses with an FEA study or by using Eqs. (1) and (2). Reedy determined the singularity order to be δ = -0.268 for an adhesive Poisson's ratio of 0.35 given the geometry and load configuration of his experiment. All other things being equal, the GSIF will become larger, and the singularity order will become closer to -0.5 as the adhesive Poisson's ratio becomes closer to 0.5. The stress intensity that would cause joint failure is measured (in this case) with units of MPa•mm 0.268 . The critical GSIF at which the joint fails is considered to be a material property given the geometric configuration and does not depend on the bond thickness. Reedy's measurements are reasonably consistent with standard deviations, roughly equal to 6% of the average stress intensity [23] . The critical GSIF (measured in MPa•mm 0.268 ) at which failure occurs at a bi-material interface with no flaw has been experimentally correlated to the fracture toughness (measured in MPa•m 1/2 ) of an adhesive joint with a controlled flaw [15] .
One of the useful implications of Eq. (30) is that the failure stress that is tested at one bond thickness can easily be calculated for a different bond thickness since the stress intensity at failure should be the same. For the tension test, the relationship between the force loading and the bond thickness is simple and uncoupled. This relationship is more complex for thermal loading because the stress is coupled to the bond thickness.
The singularity order may be calculated by solving an eigenvalue problem given the interface angle and two Dundurs parameters assuming either plane stress or plane strain. The Dundurs parameters (named after John Dundurs 1922-2016) characterize the bi-material interface relationship and are functions of the elastic moduli and Poisson's ratios. The singularity order for axisymmetric problems (like ours) may be calculated using the plane strain assumption [24] . All of this may seem hopelessly esoteric for an optical engineer, but bear in mind that the Dundurs parameters also play a role in understanding failure modes in thin film systems like ceramic-metal [25] . Many of the problems explained here are ubiquitous in the optics world, although they are seldom recognized.
As the interior angle (θ) from the adhesive to the local substrate ( Figure 6 ) approaches 180°, the singularity exponent approaches -1/2 as you would expect for a crack. You would also expect the singularity to disappear as the angle approached zero. Wetherhold [20] was successful at strengthening the adhesive joint by using sensible design practices for the edge geometry. Dai [21] derived a singularity order of -0.079 with a shear load and θ = 30° (the singularity order was closer to -0.5 with angles of 90° and 160°). They found that the singularity order (-0.079) was too weak to influence the location of damage initiation. While their experiment was plane stress rather than axisymmetric stress, the loading configuration is roughly analogous to what we would get with axisymmetric stress in a lens. Dai's experiment is with a bi-material interface rather than two substrates bonded with an adhesive. Remember that the length scale of these singularities is very small, so from the point of view of the singularity, the only interface that matters is the bi-material interface. The second substrate seems to be far away from this microscopic point of view, even though from our macroscopic point of view the second substrate is very close. Our conception of the bi-material interface implies that adhesive properties become very important as you try to understand the local stresses at the edge of the bond even if they don't seem important when calculating overall stresses (Table 3 ).
Design Implications of Stress Singularities
Consider the concave cemented surface in a typical doublet. At the clear aperture the concave glass surface would meet the flat surface. We would expect either a singularity or a large stress concentration if this junction were sharp (typically it would be). Figure 7 shows what happens to the stress when the adhesive ends abruptly at the clear aperture. The FEA analysis shown in Figures 7-9 used the geometry given in Table 2 with an R-number of 4. Grinding a fillet between the flat and concave surface would either reduce or eliminate the stress singularity if there were enough adhesive outside the clear aperture in the region of the fillet. Models for adhesive 1 mm and 2 mm past the clear aperture are shown in Figures 8 and 9 , respectively. In both cases the adhesive flows into the filleted region and the glue edge is concave (consistent with the idea that the bi-material angle should be less than 90°).
While the stress singularities in Figures 8 and 9 have not disappeared, they have been weakened significantly. The shear singularity at the edge of the adhesive in Figure 9 is hard to see, but if you zoom in and increase the mesh density, it becomes more obvious. Ultimately, if the singularity is weak enough, it could be disregarded.
One of the confusing things to remember is that FEA results for areas containing singularities are non-convergent. Increasing the mesh density would simply increase the maximum stress. The mesh density is the same in Principal Stress, MPa, Max = 10, Min = -2.1 Shear Stress, MPa, Max = 6.7, Min = -1.7
7-9, and the maximum stress in Figure 7 is between 2 and 4 times higher than the other figures. Consequently we can infer that the generalized stress intensity factor is lower in Figures 8 and 9 . A more rigorous approach would involve plotting Log(stress) vs. Log(distance from singularity origin) to extract the GSIF and the singularity order.
Interestingly, the adhesive has a higher CTE than either of the glasses. The adhesive CTE does not enter into Eqs. (1-21) ; however, extending the adhesive past the clear aperture is a useful design concept and we need to re-examine the role of adhesive CTE. The principal stress model in Figure 9 (left) shows the adhesive is in compression in the region past the clear aperture. At an elevated temperature the adhesive wants to expand, but is not able to because it is constrained by the glass. If the adhesive extends too far past the clear aperture, stresses induced by expansion of the adhesive would at some point be counterproductive. 9. Failure Analysis What constitutes a cemented doublet failure? Because the doublet has to function optically, it would be considered a failure long before the two lenses completely separate. This factor differentiates our problem from similar problems in other industries. Section 3.6 of MIL-PRF-13830 [26] defines the conditions under which a doublet may be rejected due to adhesion failure, although some of the conditions in this specification may not be relevant in a particular application. Section 6.3.3 of the mil-spec defines the term "feathering" which is commonly used to describe the failure pattern in a doublet. Figure 10 shows physical details of feathering for a doublet that is larger than 25 mm in diameter subjected to cyclic temperature variation exceeding 10 cycles. We see a damage pattern oriented in the tangential direction that suggests a shear failure [27] . But the damage front is enclosed in this very interesting saw-tooth pattern. We do not understand this particular saw-tooth pattern and it is not necessarily representative of typical failures. There is tangential stress in this area although the sawtooth is more probably a tension failure due to radial stresses [27] . Adhesive debonding could also be related to process control issues or adhesive shrinkage. There is a phenomenon of adhesive cavitation [28] , but we don't think the damage in figure 10 is cavitation. Cavitation in soft rubbery solids is usually caused by tensile hydrostatic stresses. For cavitation to occur, the hydrostatic stress would have to be roughly equal to the modulus of elasticity, whereas cohesive failure occurs when the Von Mises stress is equal to yield strength of the bulk material. Note that yield strength is usually less than 1% of the modulus of elasticity.
We see point failures near the inner edge of the failure front that coalesce into patterns closer to the outer edge of the lens. The length-scale of the damage is much greater than the edge singularities discussed in section 8. The lenses in figure 10 are still bonded, the damage discoloration seems to indicate a coalescence of voids or debonding. More work needs to be done to completely understand the phenomenon. 
Practical Considerations
Bondline thicknesses for cemented doublets are typically 5 to 10 µm although it is possible to specify a 25 µm bondline if necessary. Adhesive thickness is generally much larger in other industries, but in this case the adhesive needs to work optically as well as structurally.
Nominally, the contacting lens radii should be exactly equal. All things being equal, it is better to have the convex radius be slightly smaller than concave radius because it would result in a slightly thicker bondline at the edges where it is needed. Adhesive stress decreases with a thicker bondline. If the convex radius were larger (i.e., flatter) than the concave radius, you could have glass-to-glass contact at the edges, and this would be bad from a stress point of view.
If glass-to-glass contact occurs on the edges and the temperature rises, the trapped volume of adhesive will have to expand. The effect of adhesive expansion does not enter into Eqs. . With volumetric expansion, the adhesive, which already has a relatively high Poisson's ratio (close to 0.5) will go into hydrostatic compression. The elastic modulus of adhesive is low, but its bulk modulus (resistance to volumetric compression) is relatively high, putting the lenses into a much higher stress state than you might anticipate. Although the trapped volume of adhesive would be quite small, glass-to-glass edge contact should still be avoided.
One of the most vexing problems when understanding the stress state in an adhesive is the analysis of the edge conditions caused by stress singularities. Fortunately, the singularities can be mostly nullified by carefully engineering the adhesive edge geometry.
Conclusions
This project, which began with a seemingly simple question from our optics manager turned out to be very challenging. Some of the work we do for the U.S. Department of Energy involves the design and fabrication of optical systems with relatively large lenses (up to 300 mm edge diameter). This study supports our core mission in that the use of doublets would improve system performance, and we hope it will also be generally useful to the optics community.
Although the equations we use may seem daunting, remember that thermally induced stresses in cemented doublets can be quickly estimated by the expression C • ∆α • ∆T • Eavg (Eqs. 27 and 28). As we have seen, the generalized stress intensity factor that we use to characterize the edge singularities is proportional to the mean stress and by extension the product Cτ • ∆α • ∆T • Eavg. Although there is a body of literature regarding singularity stress fields, we do not necessarily have analytical solutions of singularity stress fields for thermally induced lens stresses. The default assumption of failure at 6.9 MPa (1000 psi) is probably unnecessarily pessimistic. By logging the known doublet failures and the estimated edge stresses we can experimentally construct a more accurate predictive capability, even if the exact details of the edge stress fields are still opaque.
The parametric study (see Section 5) suggests that the stress equations based on the method of Tsai are still useful for doublets with moderate interface curvature. We did see an increase in the magnitude of adhesive peeling stress with Rnumbers very close to 0.5.
We find that adhesive shear stress is usually larger than adhesive peeling stress at the edges. We also find that glass longitudinal stress near the bondline at the center of the lens is larger than both adhesive edge stresses. But we also know from experience that the glass failure due to fracture is rare. If glass fracture occurs, it is usually possible to identify the fracture origin by examining the banded fracture growth patterns. Did the fracture originate in the center or at the edges? If originates at the center, we can analyze the fracture mechanics from the expected flaw size loading and material properties. If the fracture originates at the edges, the stress pattern and analysis is more complicated. Overall, it would be very useful to collect some data on doublet failures to comprehend the phenomenon. We do not know, for example, if bonding failures are due to peel, shear, or tangential stress, although we think they are primarily due to shear stress in the adhesive.
We have seen that the ASTM shear test does not work well for glass, it only set a lower bound for adhesive failure at a particular bond thickness. One of the interesting implications of this study is that the effect of edge diameter and surface curvature is less important than we would have imagined. It would be relatively easy to study failure in inexpensive small doublets with the idea that the results could be generalized to much larger more expensive doublets.
The sensitivity study (Table 3 ) leads us to conclude that adhesive properties are not important predictors of edge shear stress, but they can be very important in understanding the singularity stress fields. In particular, a high adhesive Poisson's ratio (i.e., close to 0.5) would lead to unnecessarily high stress intensities. The fact is that we are often more concerned with the adhesive's optical properties than its mechanical properties.
We know that many doublet failures start at the adhesive edges, and we also know mathematically that the edge stress state is complex due to the existence of stress singularities and adhesive plasticity; we would be wise to examine closely the details of the adhesive edges during production. We find from simulations that concave adhesive edges ( Figure 9 ) promote a more robust bond, and researchers have been successful in increasing overall bond strength by carefully considering the geometry of the outer edges.
Differential expansion is not the only cause of bonding failure in cemented doublets. There are other factors like process control and adhesive shrinkage that influence outcomes. But having some guidelines for eliminating stress as a possible cause of damage should simplify a troubleshooting exercise and also help in the design stage.
